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Abstract
A dynamical system can be represented by
_x  Ax Bu;
y  Cx;
where A is a square matrix and B, C are rectangular matrices.
The question of uncertain parameters e in the entries of the matrices A, B, C is
particularly important when using the Kronecker form of the triple of matrices A;B;C:
the eigenstructure may depend discontinuously on the parameters when the matrices
Ae;Be;Ce depend smoothly on those parameters.
It is of great interest to know which dierent structures can arise from small per-
turbations of a dynamical system, and discuss the generic behaviour of smooth few-
parameter families of linear systems. A fundamental way of dealing with these problems
is, in a first step, to stratify the space of triples of matrices defining the systems. Here an
important role is played by the miniversal deformations.
A second step is to induce a partition in the space of parameters parametrizing the
family of linear systems. We need to consider transversal families in order to ensure that
the induced partition (called the bifurcation diagram) is also a stratification. In this case
the induced partition is called a bifurcation diagram. Ó 1999 Elsevier Science Inc. All
rights reserved.
www.elsevier.com/locate/laa
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Introduction
In this paper we consider triples of matrices A;B;C where A 2 MnC,
B 2 MnmC and C 2 MpnC which are associated with linear dynamical
systems
_x  Ax Bu;
y  Cx:
Many equivalence relations between triples of matrices are of interest in
Control Theory. Here we consider the equivalence relation in the space Mn;m;p
of all triples of matrices A;B;C induced by the action a of the Lie group
G  fP ; J ;K; V ;W  j P 2 Gln; C; J 2 MmnC; K 2 MnpC;
V 2 Glm; C; W 2 Glp; Cg
according to
aP ; J ;K; V ;W ; A;B;C  PAPÿ1  PBJ  KCPÿ1; PBV ;WCPÿ1:
Structural stability of triples of matrices under this equivalence relation has
been studied by the authors in [4]. Structurally unstable triples have properties
which may be destroyed by small perturbations. However, if we consider a
generic family of triples of matrices, some unstable triples in the family may be
persistently encountered.
The central tool in exploring the neighbourhood of an unstable triple is
considering transversal families to a ‘‘stratification’’ of a neighbourhood of the
triple and the partition of the neighbourhood is explored in the parameter
space of the transversal family.
Due to the existence of continuous invariants (the eigenvalues), the partition
of Mn;m;p into orbits by the Lie group action a (or equivalence classes) does not
satisfy the ‘‘local finiteness condition’’ (there exist some triples of matrices all
of whose neighbourhoods meet an infinite number of orbits).
In Section 3 we define a new partition according to a new equivalence re-
lation. We will associate to each triple of matrices A;B;C a q-symbol, the set
of its q-numbers, which consists of the discrete invariants in the complete
system of invariants RA;B;C defined in Section 1. Then we will say that two
triples are q-equivalent in the case where their q-numbers coincide.
Two triples of matrices having the same q-symbol can dier only in the
continuous invariants. A q-stratum Eq in Mn;m;p consists of the set of all
triples of matrices having a given q-symbol. And we denote by EA;B;C the
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stratum of the triple A;B;C. We prove that this partition is in fact a strati-
fication of the space of triples of matrices.
Structural stability and genericity for non-square pencils have been studied
by Demmel and Edelman in [3]. We remark that the structural stability of
triples of matrices (studied by the authors in [4]) cannot be deduced from it.
Here we study structural stability under the q-equivalence relation and analyse
the ‘‘genericity’’ of this property.
Given a transversal family of triples of matrices u : K!Mn;m;p, we can
induce a stratification over K (see [6]). To ensure the transversality we consider
a family defined through the miniversal deformation (see [4]). That permits us
to describe bifurcation diagrams of the neighbourhood of unstable triples, that
is to say, to show precisely which structures may be encountered and their
distribution, as well as to find out which singular structures may be eliminated
by small perturbations and which will persist in a parametrized family.
We present in this paper the singularities of bifurcation diagrams of some
few-parameter families showing the genericity of the considered families.
Berg and Kwatny [2] analysed bifurcation diagrams for few-parameter
families of linear systems defined through a miniversal deformation and en-
sured the transversality of the family. Nevertheless, the considered partition in
the space of linear systems is not locally finite, hence not a stratification.
0. Preliminaries
(0.1) For every integer p, we will denote by MpC the space of p-square
complex matrices, and by Glp; C the linear group formed by the invertible
matrices in MpC. Also, we will denote by MpqC the space of rectangular
complex matrices, having p rows and q columns.
We will deal with triples of matrices A;B;C such that A 2 MnC,
B 2 MnmC, C 2 MpnC and Mn;m;p will denote the space of such triples of
matrices.
(0.2) Throughout the paper the term manifold is used as an abbreviation for a
complex dierentiable manifold. We recall that if M is a manifold, X, Y are
submanifolds of M, and x 2 X \ Y , one says that X, Y are transversal at x if the
tangent spaces at x satisfy the relation: TxM  TxX  TxY . In the case where
TxM  TxX  TxY , X, Y will be said to be minitransversal at x.
(0.3) According to [1,5], the space MpC can be partitioned into a finite
number of Segre Strata, each one formed by matrices having the same Segre
symbol (or the same Jordan type). Thus, each stratum is the uncountable union
of similarity classes, diering only in the values of the dierent eigenvalues. If
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A 2 MpC, we denote by qSA, OSA, ESA the Segre symbol, the Segre orbit
and the Segre stratum of A, respectively.
If J 2 MpC is a Jordan matrix, let us consider the versal deformation of J
(see [1]) described as follows. Let k1; . . . ; ku be the eigenvalues of the matrix J.
Then J  diagJ1; . . . ; Ju 2 MpC with Ji  diagJ 1i ; . . . ; J aii ,
J mi  kiIni;m 
0 0
Ini;mÿ1 0
 
2 Mni;mC; 16 m6 ai; 16 i6 u:
A miniversal deformation of J is given by J  X where X  diagX1; . . . ;Xu,
Xi  X ihk (partition corresponding the partition of Ji) for 16 i6 u, and
X ihk 
0 . . . 0 
..
. ..
. ..
.
0 . . . 0 
0B@
1CA if nih6 nik;
X ihk 
 . . . 
0 . . . 0
..
. ..
.
0 . . . 0
0BBBB@
1CCCCA if nih > nik:
This is a linear variety of MpC, minitransversal to OSJ at J, which will be
denoted CSJ. We will refer to it as the ‘‘Arnold minimal miniversal defor-
mation’’.
(0.4) A stratification R of a subset V of a manifold M is a partition of V into
submanifolds of M, called the strata, which satisfies the local finiteness condi-
tion, that is to say: every point in V has a neighbourhood in M which meets
only finitely many strata.
The basic idea in stratification is to decompose a subset V of a manifold M
into a disjoint union of manifolds (strata), in such a way that each stratum
consists of ‘‘equally bad’’ points.
The concept of ‘‘equal badness’’ is defined through the following regularity
condition.
Let X, Y be disjoint submanifolds in Cm such that p 2 X \ Y . Y is said to be
regular over X at the point p if for any sequence of points fxng in X and fyng in
Y converging to p and satisfying:
(i) the sequence of tangent spaces Tyn Y (regarded as linear subspaces in
Cm  TynCm) converges to a subspace T in the corresponding Grassmannian;
(ii) the sequence of lines xn  hxnynÿ! i converges to a line ‘ in the Grassm-
annian of lines through the origin in Cm.
One has ‘  T .
This is called the Whitney regularity condition.
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Given a dieomorphism of M  Cm onto another open set M 0  Cm map-
ping X, Y, p to X 0, Y 0, p0, respectively, Y is Whitney regular over X at p if and
only if Y 0 is Whitney regular over X 0 at p0. It follows that we can define Whitney
regularity of Y over X at p in the case where M is an arbitrary manifold.
A Whitney stratification R of M is a stratification such that for any pair of
strata X ; Y 2 R, X \ Y  ; or Y is Whitney regular over X at the point p, for all
p 2 X \ Y , whenever X \ Y 6 ;. In this situation, we also say that the strati-
fication R is Whitney regular.
In the case where the Whitney regularity condition is satisfied we have a
homogeneity property in the following sense.
If x; y are two points in a connected component of the stratum X, then there
is a neighbourhood Ux of x in the subset V of M homeomorphic to a su-
ciently small neighbourhood Uy of y in V and the homeomorphism h preserves
the stratification, i.e., h : X \Ux ! X \Uy is a homeomorphism for each
stratum X.
Gibson [5] proved that the Segre stratification in the space of square ma-
trices MnC is a Whitney regular stratification. We will denote it by RS.
Further properties of Whitney stratifications can be found in [6].
1. The complete system of invariants RA;B;C
(1.1) The equivalence relation in Mn;m;p which generalizes in a natural way the
similarity between square matrices and the block similarity between pairs of
matrices when dealing with one or more of the following elementary trans-
formations: basis changes in the state, input or output spaces, operations of
feedback and output injection is the following one.
Two triples of matrices A;B;C, A0;B0;C0 of Mn;m;p will be called equiva-
lent if there exist P 2 Gln; C, J 2 MnpC and K 2 MmnC, V 2 Glm; C,
W 2 Glp; C such that
A0;B0;C0  PAPÿ1  PBJ  KCPÿ1; PBV ;WCPÿ1:
This is an equivalence relation.
Two triples A;B;C and A0;B0;C0, are equivalent if and only if the matrix
pencils
A kIn B
C 0
 
and
A0  kIn B0
C0 0
 
are strictly equivalent (see [7, Proposition 4.2]). Then a complete system of
invariants and a canonical reduced form of a triple of matrices with regard to
this equivalence relation is given by
· column minimal indices: k1 P    P kr > kr1      kr0  0,
· row minimal indices: l1 P    P ls > ls1      ls0  0,
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· exponents of the infinite elementary divisors: m1  1 P    P mt  1,
· eigenvalues: k1; . . . ; ku,
· Segre symbols for each eigenvalue: fri  ni1 P ni2 P    P niai g16 i6 u
with ri the Segre symbol of the eigenvalue ki, for 16 i6 u.
The canonical reduced form of the triple A;B;C, denoted Ac;Bc;Cc, may
be given as follows:
Ac  diagA1;A2;A3;A4; Bc 
B1 0 0
0 0 0
0 0 B2
0 0 0
0BBB@
1CCCA;
Cc 
0 C1 0 0
0 0 0 0
0 0 C2 0
0B@
1CA;
where
A1  diagN 11 ; . . . ;N 1r ; B1  diagB11; . . . ;B1r ;
A2  diagN 21 ; . . . ;N 2s ; B2  diagB21; . . . ;B2t ;
A3  diagN 31 ; . . . ;N 3t ; C1  diagC11 ; . . . ;C1s ;
A4  diagJ1; . . . ; Ju; C2  diagC21 ; . . . ;C2t 
N 1i 
0 0
Ikiÿ1 0
 
2 MkiC; 16 i6 r;
B1i  1 0    0 t 2 Mki1C; 16 i6 r;
N 2i 
0 Iliÿ1
0 0
 
2 MliC; 16 i6 s;
B2i  0    0 1 t 2 Mmi1C; 16 i6 t;
N 3i 
0 Imiÿ1
0 0
 
2 MmiC; 16 i6 t;
C1i  1 0    0  2 M1liC; 16 i6 s;
Ji  diagJ 1i ; . . . ; J aii ; C2i  1 0    0  2 M1miC; 16 i6 t;
J mi  kiInim 
0 0
Inimÿ1 0
 !
2 Mnim C; 16 i6 u; 16 m6 ai:
(1.2) We will define now a new complete system of invariants with regard to
this equivalence relation, which consists of the eigenvalues and a collection of
discrete invariants, the q-numbers, all defined using ranks of matrices.
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Definition. Let A;B;C 2Mn;m;p be a triple of matrices and let k 2 C be a
complex number. We will consider the following scalar numbers:
qcoj A;B;C  rank CB CAB CA2B    CAjB
ÿ  8jP0;
qcoÿ1A;B;C  0;
qcjA;B;C  rank
B AB A2B    AjB
CB CAB    CAjÿ1B
CB    CAjÿ2B
. .
. ..
.
CB
0BBBBBB@
1CCCCCCA 8jP0;
qcÿ1A;B;C  0;
qoj A;B;C  rank
C
CA CB
CA2 CAB CB
..
. ..
. ..
. . .
.
CAj CAjÿ1B CAjÿ2B    CB
0BBBBBB@
1CCCCCCA 8jP0;
qoÿ1A;B;C  0;
qJjkA;B;C  rank
B Aÿ kIB Aÿ kI2B       Aÿ kIj
CB CAÿ kIB       CAÿ kIjÿ1
CB ..
.
. .
. . .
. ..
.
CB CAÿ kI
C
0BBBBBBBBBB@
1CCCCCCCCCCA
8jP1;
qJ0kA;B;C  n;qJÿ1kA;B;C  0:
Proposition [8, Ch. 1]. If A1;B1;C1 and A2;B2;C2 are two equivalent triples,
then for j  ÿ1; 0 and for all j 2 N,
qcoj A1;B1;C1  qcoj A2;B2;C2;
qcjA1;B1;C1  qcjA2;B2;C2;
qoj A1;B1;C1  qoj A2;B2;C2;
qJjkA1;B1;C1  qJjkA2;B2;C2
for all k 2 C.
M.I. Garcı´a-Planas, M.D. Magret / Linear Algebra and its Applications 297 (1999) 23–56 29
Besides, the continuous invariants can be characterized in the following
manner.
Definition. We call rank of A;B;C, and we denote it by RkA;B;C, the rank
of the pencil
Aÿ kIn B
C 0
 
;
that is to say, the largest of the orders of minors which do not vanish identi-
cally.
The rank of a triple RkA;B;C is invariant under strict equivalence.
Definition. k0 2 C is an eigenvalue of the triple A;B;C if
rank
Aÿ k0In B
C 0
 
< RkA;B;C:
Then we have the following proposition.
Proposition [8, Proposition 3.5]. k0 2 C is an eigenvalue of the triple A;B;C if
and only if qJ1k0A;B;C < n t.
Proposition [8, Theorem 6.1]. Let A;B;C be a triple of matrices. Consider the
set RA;B;C,
ffqcoj A;B;Cg; fkig; fqJjkiA;B;Cg;
fqcjA;B;Cg; fqoj A;B;Cggÿ16 j6 n;16 i6 u:
Then we have that RA;B;C is a complete system of invariants for the triple
A;B;C.
Proof (sketch). Let us consider j1; . . . ; js defined by
j0  ÿ1;
j1  minfi j qcoi A;B;C > 0g;
j2  minfi j qcoi A;B;C > qcoj1 A;B;Cg;
..
.
js  minfi j qcoi A;B;C > qcojsÿ1A;B;Cg;
qcojs A;B;C  qcojs1A;B;C      qcojn A;B;C:
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The exponents of the infinite elementary divisors, m1  1; . . . ;mt  1 are
fj1  2; . . .^
q1
; j1  2; . . . ; js  2; . . .^qs ; js  2g;
where qi  qcoji A;B;C ÿ qcojiÿ1A;B;C, 16 i6 s.
The set of non-zero column minimal indices k1; . . . ; kr is the conjugate
partition of fqcjA;B;C ÿ qcjÿ1A;B;C ÿ tg06 j6 n: There are m-rankB zero
column minimal indices.
The set of non-zero row minimal indices l1; . . . ; ls is the conjugate partition
of fqoj A;B;C ÿ qojÿ1A;B;C ÿ tg06 j6 n: There are p-rankC zero row minimal
indices.
If k1; . . . ; ku are the eigenvalues of the triple A;B;C, then the Segre char-
acteristic of ki is the conjugate partition of
fqJjkiA;B;C ÿ qJj1kiA;B;C ÿ tg06 j6 n; 16 i6 u: 
2. A miniversal deformation
(2.0) We consider the action of the Lie group
G fP ; J ;K; V ;W  j P 2 Gln; C; J 2 MmnC; K 2 MnpC;
V 2 Glm; C; W 2 Glp; Cg
on Mn;m;p defined by
a : GMn;m;p !Mn;m;p;
P ; J ;K; V ;W ; A;B;C ! PAPÿ1  PBJ  KCPÿ1; PBV ;WCPÿ1:
The orbits of triples of matrices under this action coincide with the equiv-
alence classes with regard to the equivalence relation in Mn;m;p considered in
(1.1) and satisfy the following homogeneity property:
Proposition. If A1;B1;C1, A2;B2;C2 are two equivalent triples, then there
exists a diffeomorphism a1 : Mn;mp !Mn;m;p which preserves the orbits and such
that a1A1;B1;C1  A2;B2;C2
Proof. If A2;B2;C2  aP ; J ;K; V ;W ; A1;B1;C1 then it suces to consider
a1A;B;C  aP ; J ;K; V ;W ; A;B;C. 
This property can be used to reduce our study to the case where a triple
A;B;C is in its canonical reduced form. We will consider the canonical re-
duced form of a triple of matrices as presented in Section 1.
(2.1) In [4] a miniversal deformation for a triple of matrices was explicitly given.
A miniversal deformation with ‘‘minimum number of non-zero entries’’ as
presented in the following theorem (which will be that used in this paper) may be
deduced. The proof is straightforward according to [4, Section 3, Theorem A].
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Theorem (Minimal miniversal deformation). Let F A;B;C be the set of triples
of matrices of the form
X 
X 11 X
2
1 X
3
1 X
4
1
X 12 X
2
2 X
3
2 X
4
2
X 13 X
2
3 X
3
3 X
4
3
X 14 X
2
4 X
3
4 X
4
4
0BBBB@
1CCCCA; Y 
Y 11 Y
2
1 Y
3
1
Y 12 Y
2
2 Y
3
2
Y 13 Y
2
3 Y
3
3
Y 14 Y
2
4 Y
3
4
0BBBB@
1CCCCA;
Z 
Z11 Z
2
1 Z
3
1 Z
4
1
Z12 Z
2
2 Z
3
2 Z
4
2
Z13 Z
2
3 Z
3
3 Z
4
3
0B@
1CA;
where Xij, Yij and Zij, are such that:
(i) X 11  0, X 21  0, X 31  0, X 41  0, X 22  0, X 32  0, X 13  0, X 23  0, X 33  0,
X 43  0, X 24  0, X 34  0, Y 31  0, Y 12  0, Y 32  0, Y 33  0, Y 14  0, Y 34  0,
Z13  0, Z41  0, Z23  0, Z13  0, Z43  0, Z11  0.
(ii) Y 22 , Y
2
4 , Z
1
2 , Z
4
2 are free.
(iii) If
X 12 
X 2111    X 211r
..
. ..
.
X 21s1    X 21sr
0B@
1CA; then X 21ij   0    0... ... ...
     
0@ 1A:
(iv) All elements in X 42 are zero, except those in rows
fl1; l1  l2; . . . ; l1  l2      lsg that are free.
(v) All elements in X 14 are zero, except those in columns
fk1; k1  k2; . . . ; k1  k2      krg that are free.
(vi) X 44 is Arnold minimal miniversal deformation, given in (0.3).
(vii) If
Y 11 
Y 1111    Y 111r
..
. ..
.
Y 11r1    Y 11rr
0B@
1CA;
then
Y 11ij  0 if ki6 kj  1 and Y 11ij 
0

..
.

0
..
.
0
0BBBBBBBBB@
1CCCCCCCCCA
if ki > kj  1, with ki ÿ kj ÿ 1 non-zero elements.
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(viii) All elements in Y 21 are zero, except those in rows
f1; 1 k1; . . . ; 1 k1      krg that are free.
(ix) All elements in Y 13 are zero, except those in rows
fm1;m1  m2; . . . ;m1  m2      mtg that are free.
(x) All elements in Y 23 are free, except those in rows
fm1;m1  m2; . . . ;m1  m2      mtg that are zero.
(xi) If
Z12 
Z2111    Z211r
..
. ..
.
Z21s1    Z21sr
0B@
1CA;
then Z21ij  0 if li  1 P lj, and Z21ij  0      0    0  if li  1 < lj, with
lj ÿ li ÿ 1 non-zero elements.
(xii) All elements in Z31 are free, except those in columns
f1; 1 m1; . . . ; 1 m1      mtÿ1g that are zero.
(xiii) All elements in Z22 are free, except those in columns
f1; 1 l1; . . . ; 1 l1      lsÿ1g that are zero.
(xiv) All elements in Z32 are free, except those in columns
f1; 1 m1; . . . ; 1 m1      mtg that are zero.
(xv) If
Z33 
Z3311    Z331t
..
. ..
.
Z33t1    Z33tt
0B@
1CA;
then Z33ij  0    0       with mj ÿ 1 non-zero elements.
Then if U is an open neighbourhood of the origin, the mapping u : U!Mn;m;p
defined by uk  X k; Y k; Zk 2 CA;B;C  A;B;C  F A;B;C is a
miniversal deformation of A;B;C.
The symbols  in the statement of the theorem indicate arbitrary elements.
Notice that the number of non-zero entries in this miniversal deformation is
minimum.
(2.2) Using the minimal miniversal deformation C, the following decomposi-
tion lemma provides a local trivialization along the orbits. It can be proved by
means of the Inverse Function Theorem.
Lemma. Let A;B;C be a triple of matrices, OA;B;C be its orbit and C the
miniversal deformation given in (2.1). Let V  G be a submanifold of G, mini-
transversal to the stabilizer of A;B;C under the action at the identity I 2 G, and
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let u : V ! OA;B;C be a local parametrization of OA;B;C defined by
ug  ag; A;B;C. Then the mapping
b : C uV  !Mn;m;p
A;B;C  X ; Y ; Z; A0;B0;C0 ! auÿ1A0;B0;C0; A;B;C  X ; Y ; Z
is a local diffeomorphism at A;B;C; A;B;C.
3. The Kronecker–Segre stratification
(3.0) We call q-symbol of a triple of matrices A;B;C 2Mn;m;p the set which
consists of its q-numbers, that is to say, the collection of the discrete invariants
in RA;B;C:
qA;B;C  fqcoj A;B;C; qcjA;B;C; qoj A;B;C;
qJjkiA;B;Cg16 i6 u;ÿ16 j6 n:
Two triples of matrices having the same q-symbol can only dier in the
continuous invariants (the eigenvalues).
(3.1) We will partition Mn;m;p into a finite number of subsets, each one formed
by all the triples of matrices having the same q-symbol. We shall prove that this
partition is a (finite) stratification, in fact, it is a constructible stratification
(that is to say, each of these subsets are constructible). We will refer to it as the
q-stratification of Mn;m;p.
(3.2) Let us denote by Eq the set in Mn;m;p which consists of all triples of
matrices having a given q-symbol. We denote by EA;B;C the set which
consists of all triples of matrices having the same q-symbol as A;B;C.
We observe that there is only a finite number of such subsets Eq. In the
case where A;B;C has no continuous invariants, then EA;B;C  OA;B;C.
Otherwise, EA;B;C is an uncountable union of orbits, diering only in the
values of the eigenvalues.
Obviously,
S
q Eq Mn;m;p and Eq1 \ Eq2  ; if q1 6 q2. That is to
say, the sets Eq give a finite partition in Mn;m;p. We denote this partition by
R  Sq Eq.
(3.3) To study the sets Eq, we can reduce the problem to their intersection
with the variety C in (2.1). In particular, we will prove that the sets Eq are
submanifolds of Mn;m;p and we will give their dimension.
Lemma. Let A;B;C be a triple, OA;B;C its orbit, and C as in (2.1). Then, in a
neighbourhood of A;B;C, EA;B;C is a submanifold of Mn;m;p if and only if
EA;B;C \ C is.
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Proof. Let us assume that EA;B;C is regular at A;B;C. Since C is trans-
versal to OA;B;C, it is also transversal to EA;B;C. Hence, EA;B;C \ C is
regular at A;B;C.
Conversely. Let us assume that EA;B;C \ C is regular at A;B;C. Ac-
cording to (2.2), we have EA;B;C  bEA;B;C \ C  OA;B;C locally
at A;B;C. Therefore, EA;B;C is regular at A;B;C. 
(3.4) Finally, we want to observe that in the case where X ; Y ; Z 2 F (defined
in (2.1)) it is easy to describe the triples X ; Y ; Z such that A;B;C  X ; Y ; Z
is in EA;B;C.
In particular we have the following proposition.
Proposition. Let A;B;C be a triple in its canonical reduced form.
(a) If EA;B;C  OA;B;C, then A;B;C  X ; Y ; Z 2 EA;B;C if and
only if X  0, Y  0, Z  0.
(b) If EA;B;C 6 OA;B;C, A;B;C  X ; Y ; Z 2 EA;B;C if and only if
Y  0, Z  0,
X 
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 X 44
0BB@
1CCA
and A4  X 44 has the same Segre symbol as A4.
Taking into account this proposition we can state the following result.
Theorem. The sets Eq are submanifolds of Mn;m;p.
Proof. The statement is obvious in the case where the triple A;B;C has no
continuous invariants since EA;B;C  OA;B;C. Let A;B;C 2Mn;m;p be a
triple with continuous invariants and OA;B;C its orbit. We must prove that
EA;B;C is regular at A;B;C.
Because of the homogeneity of the orbits, we can assume that A;B;C is in
its canonical reduced form.
Applying (3.3) it suces to prove that EA;B;C \ C is regular at A;B;C,
where C is the linear variety defined in (2.1). EA;B;C \ C is formed by triples
of the form
A0c;Bc;Cc with A0c  diagA1;A2;A3;A4  X 44 
such that A4  X 44 has the same Segre symbol as A4, or equivalently, such that
A4  X44 belongs to the Segre stratum ESA4 of A4.
Therefore, the mapping / : MdC !Mn;m;p defined by /M  A;B;C;
with B  Bc, C  Cc, and A  diagA1;A2;A3;M (note that /A4 
Ac;Bc;Cc) is an embedding such that
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/ESA4 \ CSA4  EA;B;C \ C:
In [5] the Segre strata are proved to be regular. Hence ESA4 \ CSA4 is
regular at A4 (we recall that CSA4 is a linear variety transversal to the Segre
orbit of A4, and hence also transversal to ESA4 at A4), and so is
EA;B;C \ CA;B;C. This completes the proof. 
(3.5) From the theorem above we can finally conclude that the partition R of
the space of triples of matrices is a stratification which will be called the
q-stratification. Now we will compute the dimension of the strata.
Proposition. Let A;B;C be a triple, OA;B;C its orbit and EA;B;C its
stratum. Then
dim EA;B;C  u dimOA;B;C
 u n2  nm np ÿ dim TA;B;COA;B;C?;
where u is the number of distinct eigenvalues of A;B;C.
Proof. It is sucient to bear in mind that, in the proof of the theorem,
dimESA4 \ CSA4  u (see [1]). 
Note that the following expression of dim TA;B;COA;B;C? in terms of the
discrete invariants of A;B;C has been obtained in [4] (3.8):
dim TA;B;COA;B;C?

X
16 i;j6 r
maxf0; kj ÿ ki ÿ 1g  2
X
16 i6 t
mi ÿ 1

X
16 i6 r
X
16 j6 s
ki  lj  r  s
X
16 i6 u
X
16 m6 ai
nim

X
16 i;j6 s
maxf0; li ÿ lj ÿ 1g 
X
16 i;j6 t
minfmi;mjg ÿ 1

X
16 i6 u
ni1  3ni2  5ni3      2ai ÿ 1niai 
 mÿ r ÿ t n
 
ÿ
X
16 i6 r
ki ÿ
X
16 i6 t
mi
!
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 p ÿ sÿ t n
 
ÿ
X
16 i6 s
li ÿ
X
16 i6 t
mi
!
 mÿ r  t
X
16 i6 r
ki ÿ 1  mÿ r  t
X
16 i6 t
mi ÿ 1
 p ÿ s t
X
16 i6 s
li ÿ 1  p ÿ s t
X
16 i6 t
mi ÿ 1:
(3.6) The strata satisfy the following further properties.
Proposition. The strata are constructible sets.
Proof. Let Eq be the stratum corresponding to the q-symbol
fqcoj A;B;C; qcjA;B;C;qoj A;B;C; qJjk1A;B;C; . . . ; qJjku
 A;B;Cgÿ16 j6 n:
Let us consider the set Cu  fk1; . . . ; ku j ki 6 kjg  Cu. For each
k1; . . . ; ku 2 Cu, let Mq; k1; . . . ; ku be the triple of matrices in canonical
reduced form in Eq having eigenvalues k1; . . . ; ku. Finally, let us consider the
mapping w : G Cu !Mn;m;p defined by
wg; k1; . . . ; ku  ag;Mq; k1; . . . ; ku:
Obviously, G Cu is a constructible set, w is a rational map, and
wG Cu  Eq. According to Chevalley theorem, Eq is a constructible
set. 
As a consequence, we have that any stratum contains a dense open subset of
its closure.
We also conclude that the q-stratification is a constructible stratification.
(3.7) With the notations as in the above proof, since w is continuous and
G Cu is connected, we have the following proposition.
Proposition. The strata are connected sets.
4. Structural q-stability
(4.0) The concept of structural stability introduced by Willems [9] refers to a
topological space X and an equivalence relation defined in X. In [4], the authors
studied structural stability of triples of matrices under the equivalence relation
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defined in (1.1). Now we are going to study structural stability under the
equivalence relation defined by the strata according to the q-equivalence re-
lation defined in Section 3.
Definition. A triple of matrices A;B;C 2Mn;m;p is structurally q-stable if and
only if it is an interior point of its stratum.
Since Eq is a connected manifold, one obtains the following proposition
Proposition. A triple of matrices A;B;C is structurally q-stable if and only if
any triple in its stratum is structurally q-stable.
Remark. In our particular set-up, and since X Mn;mp is a manifold, we have
that A;B;C is structurally q-stable if and only if EA;B;C is an open set, that
is to say, its dimension is equal to n2  mn np.
Let A;B;C be a triple with no continuous invariants. Since
EA;B;C  OA;B;C, A;B;C is structurally q-stable if and only if it is
structurally stable (with respect to the equivalence relation in (1.1)). Similar
conditions for structurally stable triples in terms of their canonical reduced
forms are given in [4] in this case.
It is easy to prove (for instance, using the explicit computation of the di-
mension of the orthogonal to the tangent space of a triple) the following
lemma.
Lemma. If a triple A;B;C is structurally q-stable and has continuous invariants,
then m  p < n.
Furthermore, we have the following theorem.
Theorem. A triple of matrices A;B;C 2Mn;m;p with m  p < n is structurally
q-stable if and only if the canonical reduced form of the triple is Ac;Bc;Cc where
Ac  0 00 J
 
; Bc  Im0
 
; Cc  Im 0 
and J has nÿ m different eigenvalues.
Proof. A triple A;B;C is structurally q-stable if and only if
dim TA;B;COA;B;C?  u, and this condition holds if and only if its canonical
reduced form is as in the statement. 
Corollary. There is only one stratum with dimension equal to n2  mn np.
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Remark. As a consequence of the corollary above, there is only one stratum
such that any triple in its stratum is structurally q-stable: the stratum with
dimension equal to n2  mn np.
(4.1) The next theorem characterizes generic strata according to the concept in
[9].
Definition. A submanifold Y of a manifold X is called generic if it is open, dense
and its boundary is the union of submanifolds of (strictly) lower dimension.
Then we can state the following theorem.
Theorem. The following are equivalent:
(a) A stratum Eq is generic.
(b) All triples in Eq are structurally q-stable.
(c) dim Eq  n2  mn np.
Proof. From the remark after the corollary in (4.0) statements (b) and (c) are
equivalent. We only have to prove (a) and (b) are equivalent.
Obviously, if Eq is a generic stratum, all triples in Eq are structurally
q-stable.
Conversely, we assume that MpqC is endowed with the norm
kAk  kaijk 
X
16 i6 n; 16 j6m
aijaij
s
:
Let Eq be a stratum such that all triples in Eq are structurally q-stable.
From remark after the proposition in (4.0) we know that Eq is open. For any
triple of matrices A;B;C 2Mn;m;p (which can be taken in its canonical re-
duced form), we can do the following study, according to the relationship
among n, m, and p. We recall that except in the case where m  p < n, a triple is
structurally q-stable if and only if the triple is structurally stable under the
equivalence relation in (1.1). Let A;B;C be a triple. We need to find, for all
e > 0, a structurally q-stable triple belonging to BA;B;C; e.
(i) Assume n6m; p. Let us consider the triple A;B;C  X e; Y e; Ze
where entries in the matrices Y e, Ze are
Y e  e
2n
p In 0
 
; Ze 
e
2

2n
p In
0
0@ 1A:
Taking X e  0 we have that rankC  ZeB Y e  n. Then
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qco1 A X e; B Y e; C  Ze  n;
qcjA X e; B Y e; C  Ze
 qoj A X e; B Y e; C  Ze
 qJjkA X e; B Y e; C  Ze
 0
and we can conclude that A;B Y e;C  Ze is structurally q-stable.
Moreover, A;B Y e;C  Ze 2 Eq \BA;B;C; e 8e > 0:
(ii) If n > m  p, for all e > 0, we consider
Y e 
e
2

2m
p Im
0
0@ 1A and Ze  e
2

2m
p Im 0
 
:
Then rank C  ZeB Y e  m, and A;B Y e;C  Ze is equivalent to
0m
A4
 
;
Im
0
 
; Im 0 
 
 A0;B0;C0:
Let g  P ; J ;K; V ;W  be an element of G such that
ag; A0;B0;C0  A;B Y e;C  Ze:
Diagonal matrices having dierent eigenvalues are dense in the space of square
matrices. For all e > 0 we consider e=2k where k  kg1k  kg2k and
g1  P J0 W
 
; g2  P
ÿ1 0
K V
 
:
There exists D  diagk1; . . . ; knÿm with ki 6 kj if i 6 j, D 2 BA4; e=2k.
Calling
A00;B00;C00  0m
D
 
;
Im
0
 
; Im 0 
 
we consider A000;B000;C000  ag; A00;B00;C00: Then
kA;B;C ÿ A000;B000;C000k
 kA;B;C ÿ A;B Y e;C  Ze
 A;B Y e;C  Y e ÿ A000;B000;C000k
6 kA;B;C ÿ A;B Y e;C  Zek
 kA;B Y e;C  Ze ÿ A000;B000;C000k
6 kA;B;C ÿ A;B Y e;C  Zek
 kag; A0;B0;C0 ÿ ag; A00;B00;C00
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 k0; Y e; Zek  g1
A0 ÿ A00 B0 ÿ B00
C0 ÿ C00
 !
g2


6 e
2

2m
p

2m
p
 kg1k  kg2k  kA4 ÿ Dk
6 e
2
 e
2
 e
and
A X e;B Y e;C  Ze 2 Eq \BA;B;C; e:
(iii) If n P m > p, we take
Ze  e
2

m pp Ip0
 
; Y e 
e
2

mpp Ip 0
0 em Imÿp
0 0
0BBBB@
1CCCCA:
We obtain that A;B Y e;C  Ze is equivalent to
A0;B0;C0  A1
A3
 
;
B1
Ip
 
; Ip 0
ÿ  
:
That is to say, there exists g  P ; J ;K; V ;W  2 G such that
ag; A0;B0;C0  A;B Y e;C  Ze: Since the set of structurally stable
pairs of matrices is dense in the space of pairs of matrices MnC MnmC,
for all e > 0 there exists A00;B00 structurally stable such that
A00;B00 2 BA0;B0; e=2k where k  kg1k  kg2k and
g1  P J0 W
 
; g2  P
ÿ1 0
K V
 
and
a g;
A00
A00
 
;
B00
Ip
 
; Ip 0
ÿ    2 Eq \BA;B;C; e:
(iv) If n < m, m > p, n P p, we consider
Ze  enpp Ip 0ÿ ; Y e 
e
npp Ip 0 0
0 enpp Inÿp 0
0@ 1A:
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Then A;B Y e;C  Ze is equivalent to
0
0
 
;
Inÿp
Ip
 
; Ip 0 
 
2 Eq \BA;B;C; e:
(v) If p > m, n P m, we consider At;Ct;Bt and apply (iii) and (iv).
This establishes that the stratum Eq is dense and hence the other strata are
in its boundary.
Finally we remark that since there is only one stratum of maximal dimension
( n2  mn np), the other strata (which are in its boundary) have dimension
lower than n2  mn np.
This completes the proof. 
5. Bifurcation diagrams
(5.0) Let u : K!Mn;m;p be a family of triples of matrices transversal to the
stratification. It follows from [6] that the induced partition
S
q u
ÿ1Eq on K
is also a stratification and codimuÿ1Eq  codim Eq:
Taking into account that a miniversal deformation of a triple of matrices
A;B;C is a minitransversal family to its orbit, then it is a transversal family to
EA;B;C. Bifurcation diagrams may be described using miniversal deforma-
tions of a triple.
From a miniversal deformation of a triple we can obtain a minitransversal
family to its stratum (but not transversal to the orbit) in the following
manner: obviously we can reduce the study to the case where the triple is in its
canonical reduced form and consider the miniversal deformation presented
in (2.1):
A1 0 0 0
0 A2 0 0
0 0 A3 0
0 0 0 A4
0BB@
1CCA;
B1 0 0
0 0 0
0 0 B2
0 0 0
0BB@
1CCA; 0 C1 0 00 0 0 0
0 0 C2 0
0@ 1A
0BB@
1CCA

0 0 0 0
X 12 0 0 X
4
2
0 0 0 0
X 14 X
2
4 X
4
4
0BB@
1CCA;
0 Y 21 0
0 Y 22 0
Y 13 Y
2
3 0
0 Y 24 0
0BB@
1CCA; Z
1
1 0 Z
3
1 0
Z12 Z
2
2 Z
3
2 Z
4
2
0 0 Z33 0
0@ 1A
0BB@
1CCA:
If we take X 44 such that trace X
44
ii  0 for each diagonal block X 44ii corre-
sponding to the diagonal blocks J1; . . . ; Ju, we obtain a minitransversal family
to the stratum Eq.
(5.1) We will show some examples of bifurcation diagrams (see Figs. 1–4).
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Example 1 (Fig. 1). Let A;B;C be the triple
0 0 0
1 0 0
0 0 0
0@ 1A; 10
0
0@ 1A; 0 0 1 
0@ 1A:
A minitransversal family to its stratum is given by
u : K!M3;1;1; K  C3;
ux; y; z ! Ax; y; z;Bx; y; z;Cx; y; z

0 0 0
1 0 0
x y 0
0B@
1CA; 10
0
0B@
1CA; z 0 1 
0B@
1CA:
Then, we have that in the open dense set
U  fx; y; z 2 C3 j z 6 0; x2 6 4zyg;
the triples
ux; y; z  Ax; y; z;Bx; y; z;Cx; y; z
are structurally q-stable, that is to say, the triples are in the stratum of the
triple
0 0 0
0 k1 0
0 0 k2
0@ 1A; 10
0
0@ 1A; 1 0 0 
0@ 1A; k1 6 k2:
Now, we consider the case where x; y; z belongs to the boundary of U.
Fig. 1. Bifurcation diagram.
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If z 6 0 and x2  4zy the triples are in the stratum of the triple
0 0 0
0 k 0
0 1 k
0@ 1A; 10
0
0@ 1A; 1 0 0 
0@ 1A:
If z  0, if x 6 0 the triples Ax; y; z;Bx; y; z;Cx; y; z are in the stratum
of the triple
0 0 0
1 0 0
0 0 k
0@ 1A; 10
0
0@ 1A; 0 1 0 
0@ 1A:
If x  0, z  0 and y 6 0 the triples Ax; y; z;Bx; y; z;Cx; y; z are in the
stratum of the triple
0 0 0
1 0 0
0 1 0
0@ 1A; 10
0
0@ 1A; 0 1 0 
0@ 1A:
Finally, if x  y  z  0, the triple Ax; y; z;Bx; y; z;Cx; y; z is the point
A;B;C.
Example 2 (Fig. 2). Let A;B;C be the triple
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 a 0
0 0 0 1 a
0BBBB@
1CCCCA;
0
0
1
0
0
0BBBB@
1CCCCA; 1 0 0 0 0 
0BBBB@
1CCCCA:
A minitransversal family to EA;B;C is given by
u : K!M5;1;1; K  C3;
ux; y; z ! Ax; y; z;Bx; y; z;Cx; y; z
Fig. 2. Bifurcation diagram.
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0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 a z
0 0 0 1 a
0BBBBBB@
1CCCCCCA;
y
x
1
0
0
0BBBBBB@
1CCCCCCA; 1 0 0 0 0 
0BBBBBB@
1CCCCCCA:
Then, we have that in the open dense set
U  fx; y; z 2 C3 j y 6 0; z 6 0; x2 6 4yg;
the triples
ux; y; z  Ax; y; z; Bx; y; z; Cx; y; z
are structurally q-stable, that is to say, these triples are in the stratum of the
triple
0 0 0 0 0
0 k1 0 0 0
0 0 k2 0 0
0 0 0 k3 0
0 0 0 0 k4
0BBBB@
1CCCCA;
1
0
0
0
0
0BBBB@
1CCCCA; 1 0 0 0 0 
0BBBB@
1CCCCA with ki 6 kj if i 6 j:
Let us consider now the case where x; y; z belongs to the boundary of U.
If y 6 0, x2 6 4y and z  0 the triples Ax; y; z;Bx; y; z;Cx; y; z are in
the stratum of the triple
0 0 0 0 0
0 k1 0 0 0
0 0 k2 0 0
0 0 0 k3 0
0 0 0 1 k3
0BBBB@
1CCCCA;
1
0
0
0
0
0BBBB@
1CCCCA; 1 0 0 0 0 
0BBBB@
1CCCCA; ki 6 kj if i 6 j:
If y 6 0, x2  4y and z 6 0 the triples Ax; y; z;Bx; y; z;Cx; y; z are in
the stratum of the triple
0 0 0 0 0
0 k1 0 0 0
0 1 k1 0 0
0 0 0 k2 0
0 0 0 0 k3
0BBBB@
1CCCCA;
1
0
0
0
0
0BBBB@
1CCCCA; 1 0 0 0 0 
0BBBB@
1CCCCA; ki 6 kj if i 6 j:
If y 6 0, x2  4y and z 6 0 the triples Ax; y; z;Bx; y; z;Cx; y; z are in
the stratum of the triple
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0 0 0 0 0
0 k1 0 0 0
0 1 k1 0 0
0 0 0 k2 0
0 0 0 1 k2
0BBBB@
1CCCCA;
1
0
0
0
0
0BBBB@
1CCCCA; 1 0 0 0 0 
0BBBB@
1CCCCA; k1 6 k2:
If y  0, if x 6 0 and z 6 0 the triples Ax; y; z;Bx; y; z;Cx; y; z are in
the stratum of the triple
0 0 0 0 0
1 0 0 0 0
0 0 k1 0 0
0 0 0 k2 0
0 0 0 0 k3
0BBBB@
1CCCCA;
1
0
0
0
0
0BBBB@
1CCCCA; 1 0 0 0 0 
0BBBB@
1CCCCA with ki 6 kj if i 6 j:
If x 6 0 and y  z  0 the triples Ax; y; z;Bx; y; z;Cx; y; z are in the
stratum of the triple
0 1 0 0 0
0 0 0 0 0
0 0 k1 0 0
0 0 0 k2 0
0 0 0 1 k2
0BBBB@
1CCCCA;
0
1
0
0
0
0BBBB@
1CCCCA; 1 0 0 0 0 
0BBBB@
1CCCCA with k1 6 k2:
If x  y  0 and z 6 0 the triples Ax; y; z;Bx; y; z;Cx; y; z are in the
stratum of the triple
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 k1 0
0 0 0 0 k2
0BBBB@
1CCCCA;
0
0
1
0
0
0BBBB@
1CCCCA; 1 0 0 0 0 
0BBBB@
1CCCCA with k1 6 k2:
Finally, if x  y  z  0 the triple Ax; y; z;Bx; y; z;Cx; y; z is the point
A;B;C.
Example 3 (Fig. 3). Let A;B;C be the triple
0 1 0 0 0
0 0 0 0 0
0 0 a 0 0
0 0 1 a 0
0 0 0 0 b
0BBBB@
1CCCCA;
0
1
0
0
0
0BBBB@
1CCCCA; 1 0 0 0 0 
0BBBB@
1CCCCA:
A minitransversal family to EA;B;C is given by
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u : K!M5;1;1; K  C2;
ux; y ! Ax; y;Bx; y;Cx; y

0 1 0 0 0
0 0 0 0 0
0 0 a x 0
0 0 1 a 0
0 0 0 0 b
0BBBBBBBB@
1CCCCCCCCA
;
0
1
0
0
0
0BBBBBBBB@
1CCCCCCCCA
; 1 y 0 0 0 
0BBBBBBBB@
1CCCCCCCCA
:
In the open dense set U  fx; y 2 C2 j x  y 6 0g, the triples
Ax; y;Bx; y;Cx; y are structurally q-stable, that is to say, these triples are
in the stratum of the triple
0 0 0 0 0
0 k1 0 0 0
0 0 k2 0 0
0 0 0 k3 0
0 0 0 0 k4
0BBBBBB@
1CCCCCCA;
1
0
0
0
0
0BBBBBB@
1CCCCCCA; 1 0 0 0 0 
0BBBBBB@
1CCCCCCA with ki 6 kj if i 6 j:
Let us consider the case where x; y; z belongs to the boundary of U.
If y 6 0 and x  0, the triples Ax; y;Bx; y;Cx; y are in the stratum of
the triple
Fig. 3. Bifurcation diagram.
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0 0 0 0 0
0 k1 0 0 0
0 0 k2 0 0
0 0 0 k3 0
0 0 0 1 k4
0BBBB@
1CCCCA;
1
0
0
0
0
0BBBB@
1CCCCA; 1 0 0 0 0 
0BBBB@
1CCCCA with ki 6 kj if i 6 j:
If x 6 0, y  0, the triples Ax; y;Bx; y;Cx; y are in the stratum of the
triple
0 1 0 0 0
0 0 0 0 0
0 0 k1 0 0
0 0 0 k2 0
0 0 0 0 k3
0BBBB@
1CCCCA;
0
1
0
0
0
0BBBB@
1CCCCA; 1 0 0 0 0 
0BBBB@
1CCCCA with ki 6 kj if i 6 j:
Finally, A0; 0;B0; 0;C0; 0  A;B;C.
Example 4 (Fig. 4). Let A;B;C be the triple
0 1
0 0
0 1
0 0
0
. .
.
0
k
1 k
l1
. .
.
lr
0BBBBBBBBBBBBBBBBBBB@
1CCCCCCCCCCCCCCCCCCCA
;
0BBBBBBBBBBBBBBBBBBB@
0
1
0
1
1
. .
.
1
0BBBBBBBB@
1CCCCCCCCA
;
1 0
1 0
1
. .
.
1
0BBBB@
1CCCCA
1CCCCCCCCCCCCCCCCCCCA
:
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A minitransversal family to the stratum of this triple is given by
u : K!Mn;m;p; m  p; n  m r  4; K  C3
ux; y; z ! Ax; y; z;Bx; y; z;Cx; y; z;
where
Ax; y; z 
0 1
0 0
0 1
0 0
0
. .
.
0
k x
1 k
l1
. .
.
lr
0BBBBBBBBBBBBBBBBBBBBBBBBB@
1CCCCCCCCCCCCCCCCCCCCCCCCCA
;
Bx; y; z 
0
1
0
1
1
. .
.
1
0BBBBBBBBBBB@
1CCCCCCCCCCCA
; Cx; y; z 
1 y
1 z
1
. .
.
1
0BBBBBB@
1CCCCCCA:
Fig. 4. Bifurcation diagram.
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In the open dense set U  fx; y; z 2 C3 j x 6 0; y 6 0; z 6 0; y ÿ z 6 0g, the
triples ux; y; z  Ax; y; z;Bx; y; z;Cx; y; z are structurally q-stable, that
is to say, these triples are in the stratum of the triple
0
. .
.
0
k1
k2
k3
. .
.
kr4
0BBBBBBBBBBBBBBB@
1CCCCCCCCCCCCCCCA
;
0BBBBBBBBBBBBBBB@
1
. .
.
1
0B@
1CA; 1 . ..
1
0B@
1CA
1CCCCCCCCCCCCCCCA
:
Let us consider now the case where x; y; z belongs to the boundary of U.
If y 6 0, z 6 0, y ÿ z  0 and x 6 0 or y 6 0, z 6 0, x  0 and y ÿ z 6 0, the
triples are in the stratum of the triple
0
. .
.
0
k1
1 k1
k2
. .
.
kr3
0BBBBBBBBBBBBBBB@
1CCCCCCCCCCCCCCCA
;
0BBBBBBBBBBBBBBB@
1
. .
.
1
0B@
1CA; 1 . ..
1
0B@
1CA
1CCCCCCCCCCCCCCCA
with ki 6 kj if i 6 j:
If y 6 0, x 6 0, z  0, or y  0, x 6 0, z 6 0, the triples
Ax; y; z;Bx; y; z;Cx; y; z are in the stratum of the triple
0 1
0 0
0
. .
.
0
k1
. .
.
kr3
0BBBBBBBBBBBBBBB@
1CCCCCCCCCCCCCCCA
;
0BBBBBBBBBBBBBBB@
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01
1
. .
.
1
0BBBBBB@
1CCCCCCA;
1 0
1
. .
.
1
0BBBB@
1CCCCA
1CCCCCCCCCCCCCCCA
; ki 6 kj if i 6 j:
If y 6 0, z  0, x  0, or z  0, x  0, y 6 0, the triples
Ax; y; z;Bx; y; z;Cx; y; z are in the stratum of the triple
0 1
0 0
0
. .
.
0
k1
1 k1
k2
. .
.
kr2
0BBBBBBBBBBBBBBBBBBBB@
1CCCCCCCCCCCCCCCCCCCCA
;
0BBBBBBBBBBBBBBBBBBBB@
0
1
1
. .
.
1
0BBBBBB@
1CCCCCCA;
1 0
1
. .
.
1
0BBBB@
1CCCCA
1CCCCCCCCCCCCCCCCCCCCA
; ki 6 kj if i 6 j:
If y  0, z  0, x 6 0, the triples Ax; y; z;Bx; y; z;Cx; y; z are in the
stratum of the triple
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0 1
0 0
0 1
0 0
0
. .
.
0
k1
. .
.
kr2
0BBBBBBBBBBBBBBBBBBBBB@
1CCCCCCCCCCCCCCCCCCCCCA
;
0BBBBBBBBBBBBBBBBBBBBB@
0
1
0
1
1
. .
.
1
0BBBBBBBBBBBB@
1CCCCCCCCCCCCA
;
1 0
1 0
1
. .
.
1
0BBBBBBB@
1CCCCCCCA
1CCCCCCCCCCCCCCCCCCCCCA
; ki 6 kj if i 6 j:
Finally, if x  y  z  0, Ax; y; z;Bx; y; z;Cx; y; z  A;B;C.
(5.2) The families u : K!Mn;m;p presented in the examples in (5.1) are ge-
neric families since the stratification of the space of triples of matrices in a
neighbourhood of such triples is Whitney regular. Then uÿ1 gives a Whitney
regular stratification over K, and we can apply Thom Transversality Theorem,
which ensures that the set of families of triples of matrices transversal to the
stratification is open and dense in the space of smooth families of triples of
matrices.
(5.3) Given A;B;C 2Mn;m;p and C as in (2.1), let us consider the induced
stratification
R \ C 
[
q
Eq \ C
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in a suciently small neighbourhood of A;B;C. Notice that it is well defined
since C is not only transverse to OA;B;C, but also to each orbit suciently
close to A;B;C, and hence to any stratum suciently close to A;B;C.
Lemma. With the above notations, R is Whitney regular over EA;B;C at
A;B;C if and only if R \ C is Whitney regular over EA;B;C \ C at A;B;C.
Proof. For the necessity, let us suppose that R is Whitney regular over
EA;B;C. The inclusion C!Mn;m;p is then transversal to the stratification R.
According to [5] (3.2), we have that the induced stratification R \ C is Whitney
regular over EA;B;C \ C.
For the suciency, it must be taken into account that
Eq  bEq \ C  OA;B;C locally in A;B;C. Obviously, ifS
qEq \ C is Whitney regular over Eq \ C at A;B;C, the product
stratification
S
qEq \ C  OA;B;C is also Whitney regular over
Eq \ C  OA;B;C. And, by means of the dieomorphism b in (2.2) the
proof is concluded. 
(5.4) Now we are going to define the simple strata, which satisfy a homogeneity
property.
Definition. A triple of matrices A;B;C is called simple when it has one ei-
genvalue at most.
A stratum EA;B;C is called simple if its elements are simple.
(5.5) Since the triples A;B;C and A lIn;B;C have the same q-symbol, as it
can be easily checked, the action of C in Mn;m;p defined by
l; A;B;C ! A lIn;B;C preserves the strata.
Proposition. Let Eq be a stratum, A;B;C 2 Eq and l 2 C. Then
A lIn;B;C 2 Eq:
Proposition. Let Eq be a simple stratum. For any A;B;C; A0;B0;C0 2 Eq,
there exists a diffeomorphism f of Mn;m;p preserving the strata and such that
f A;B;C  A0;B0;C:
Proof. If Eq is an orbit the result follows from (2.0). Otherwise, let l1; l2 be
the eigenvalues of A;B;C and A0;B0;C;  respectively. Obviously,
A l2 ÿ l1In;B;C is equivalent to A0;B0;C0. Then, there exists g 2 G such
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that ag; A l2 ÿ l1In;B;C  A0;B0;C0: It is straightforward that the
mapping f X ; Y ; Z  ag; X  l2 ÿ l1In; Y ; Z satisfies the desired condi-
tions. 
(5.6) Whitney theorem states that any stratum of a constructible locally finite
stratification has a Whitney regular point. Hence, any stratum Eq has a point
A;B;C such that the q-stratification is Whitney regular over Eq at A;B;C.
Because of the homogeneity property of the simple strata, if the stratification is
Whitney regular over one point in the stratum, then it is Whitney regular over
every point in the stratum. Therefore the following result.
Proposition. The q-stratification is Whitney regular over any simple stratum.
(5.7) Moreover, we have the following proposition.
Proposition. If the triples A;B;C 2Mn;m;p are in the form
A3
A4
 
;
B2
0
 
; C2 0 
 
; J  diagJ1; . . . ; Ju;
then the q-stratification is Whitney regular over the stratum EA;B;C. (Note
that in this situation m  p.)
Proof. Let A;B;C be a triple in Mn;m;m, OA;B;C its orbit and Eq its
stratum. We shall prove that the q-stratification R is Whitney regular over Eq
at A;B;C. Let C be the linear variety defined in (2.1), and let us denote by the
same symbol the neighbourhood of A;B;C where the isomorphism holds.
Then according to (5.3) it suces to prove that R \ C is Whitney regular over
Eq \ C at A;B;C.
Because of the homogeneity of the orbits, we can assume that the triple
A;B;C is in its canonical reduced form.
If
A;B;C  A3
A4
 
;
B2
0
 
; C2 0 
 
; J  diagJ1; . . . ; Ju;
let us consider the triple A3;B2;C2 2Mn1;d;d ; n1  m1      md and the
square matrix A4 2 Md1duC:
If we denote by R1 the q-stratification of Mn1;d;d and by E1q the stratum of
A3;B2;C2. From (5.3) and (5.6), it follows that R1 is Whitney regular over
E1q \ C1 at A3;B2;C2, where C1 is the linear variety defined in (2.1):
C1  A3;B1;C1  f0; 0; Z1g:
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If we denote by ESq the stratum of A4 in RS, RS is Whitney regular over
ESq \ C2 at A4. Let us denote by C2 the linear variety defined in (0.3):
C2  A4  fX2g:
As before, we denote by the same symbol Ci the neighbourhoods of
A3;B2;C2 and A4 where the corresponding isomorphism holds so that the
induced stratifications R1 \ C1, RS \ C2 are well defined. In fact, according to
(5.6) and [5], R1 \ C1, RS \ C2 are Whitney regular over E1q \ C1, ESq \ C2
at A3;B1;C1 and A4, respectively.
Now, let us consider the dieomorphism
u : C1  C2 ! C
A3;B1;C1  Z1  A4  X2 !
A3
J  X2
 
;
B1
0
 
; C1  Z1 0
The stratification P  R1 \ C1  RS \ C2 is Whitney regular over the
stratum E1q \ C1  ESq \ C2 at A3;B1;C1;A4 [5]. Hence, since u is a
dieomorphism, to conclude the proof it suces to show that uP is a sub-
stratification of R \ C locally at
A3
A4
 
;
B1
0
 
; C1 0 
 
:
That is to say, given two points p  A3;B2;C2  Z1;A4  X2 and
p0  A03;B2;C2  Z 01;A4  X 02 belonging to the same stratum of P, then the
images up, up0 belong to the same stratum of R \ C. This is immediate,
provided that they are suciently close to
A3
A4
 
;
B2
0
 
; C2 0 
 
: 
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